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Class Schedule Updates

SCHEDULE
Note: This schedule is subject to change and will be adjusted as needed throughout the semester.

Wk Day Lectures Homework Project
1 07 Sep Introduction 1: Course Overview

09 Sep Introduction 2: Linear regression, Overfitting, Cross
validation

2 14 Sep Introduction 3: Probability, Bayes Rule, Conjugacy #1 out Vote on
type
16 Sep Classification 1: k-NN, Logistic Regression, Linear
Discriminant Analysis

3 21 Sep Classification 2: Naive Bayes, Support Vector Machines
23 Sep Classification 3: Non-linear SVMs, Kernels

4 28 Sep Classification 4: Ensemble Methods, Boosting, Random #2 out Teams due
Forests

30 Sep Clustering 1: K-means, K-medioids #3 due
5 050ct Clustering 2: DBSCAN, Mixture Models

07 Oct Clustering 3: Expectation Maximimization
6 12 Oct Topic Models: pLSA, Latent Dirichlet Allocation #3 out

14 Oct Dimensionality Reduction 1: PCA, SVD, ICA #2 due
7 19 Oct Dimensionality Reduction 2: Random Projections

21 Oct Recommender Systems

8 26 Oct Midterm exam
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Class Schedule Updates

SCHEDULE
Note: This schedule is subject to change and will be adjusted as needed throughout the semester.

Wk Day
1 07 Sep
09 Sep
2 14 Sep
16 Sep
3 21Sep
23 Sep
4 28 Sep
30 Sep
5 050ct
07 Oct
6 12 Oct
14 Oct
7 19 Oct
21 Oct

26 Oct

Lectures
Introduction 1: Course Overview

Introduction 2: Linear regression, Overfitting, Cross
validation

Introduction 3: Probability, Bayes Rule, Conjugacy

Classification 1: k-NN, Logistic Regression, Linear
Discriminant Analysis

Classification 2: Naive Bayes, Support Vector Machines
Classification 3: Non-linear SVMs, Kernels

Classification 4: Ensemble Methods, Boosting, Random
Forests

Clustering 1: K-means, K-medioids

Clustering 2: DBSCAN, Mixture Models
Clustering 3: Expectation Maximimization

Topic Models: pLSA, Latent Dirichlet Allocation
Dimensionality Reduction 1: PCA, SVD, ICA
Dimensionality Reduction 2: Random Projections
Recommender Systems

Midterm exam

Homework Project

#1 out

#2 out

#3 due

#3 out
#2 due

Vote on
type

Project teams
due next week



Support Vector Machines
(recap)



Max Margin Classitiers

Idea: Maximize the margin between two separable classes



Max Margin Classifiers
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Distance from plane: m( Tx + b)



SVMs as Convex Optimization
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SVMs as Convex Optimization

1
min —||w]|? y.(w'x, +b)>1 n=1,...,N

w.,b

Generalized Lagrangian

Z(w,b,a) = %wTw—Zai(yi(wai b)—l)

Dual problem

W(a) —Za — — Z yly]ala]xl X;

l]l
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SVMs as Convex Optimization

1
min —||w]|? y.(w'x, +b)>1 n=1,...,N

w.,b

Dual problem

m m
1
W(a) = 21: & — 5 E 1: yiyjaiaj<xinxj>
L,]=

=

Sum over support vectors during prediction



Soft-margin SVMs
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| 0SS Function
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| 0SS Function

arg min 2W wW + Z§
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Hinge Loss



| 0SS Function
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| 0SS Function
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Relationship to Logistic Regression

m

ESYM(w) = Z (1—yi(w "x; + b))Jr +Aw'w
i=1



Relationship to Logistic Regression
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Relationship to Logistic Regression
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Relationship to Logistic Regression
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Relationship to Logistic Regression
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Relationship to Logistic Regression

m

ESYM(w) = Z (1—yi(w "x; + b))Jr +Aw'w
i=1

N
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| 0SS Functions

1
squared loss: z(wa —v)?

logistic loss: log (1 + exp(—wax))

hinge loss: max{0,1—yw 'x}



Nonlinear SVMs



Inseparaple Problems
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Inseparaple Problems
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~eature Map
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SVMs with Feature Maps

Dual problem

W(a)—Za ——Zyly]aax X

1,j=1

Dual problem with feature map

W(a)= Za — = Z yiyiaa(x) ¢ (x;)

1]1



Computational Cost

Example: Mapping with linear and quadratic terms

x =(x1,...,Xg4)

¢(x) — (1,X1, oo X, X1X7, XX, .. 'ded)



Computational Cost

Example: Mapping with linear and quadratic terms

x =(x1,...,Xg4)

1+d+0d2/2
x)=I1,x1,...,X3,X1X1,X7X9,...X3X
¢ (x) 1 d>X1X1,X1X2 iXq) ferms



Computational Cost

Example: Mapping with linear and quadratic terms

x =(x1,...,Xg4)

¢(x) — (1,X1, oo X, X1X7, XX, .. 'xdxd)

Polynomial @ (x) Cost 100 features
2
Quadratic | > 972terms up | o 2,500 N2
to degree 2
S 3
Cubic F/6terms up | s no 15 83,000 N2
to degree 3
4
Quartic | 9724terms | o e | 1.960,000 N2

up to degree 4




Kernel [rick

Define a kernel function such that
k(x,x")=p(x)" p(x")

k can be cheaper to evaluate than ¢!



Kernel [rick

Define a kernel function such that
k(x,x")=p(x)" p(x")

k can be cheaper to evaluate than ¢!

x = (x1,x3)
k(x,x")=(1+x"x")?
=1+ xfx’i + x%x’g + 21X 1 + 2x5x 5 + 2x7x 1 x9x7

d(x) = (1,x2,x2,V2x;, V2x5, V2x,X,)

J 1) 2)




Computational Cost

Kernel for polynomials up to degree g

k(e,x)=(1+x"x")



Computational Cost

Kernel for polynomials up to degree g

X =(xq,...,x4)
k(e,x)=(1+x"x")

Polynomial @ (x) Cost 100 features
2
Quadratic | > 972terms up | o 2,500 N2
to degree 2
S 3
Cubic F/6terms up | s no 15 83,000 N2
to degree 3
4
Quartic | 9724terms | o e | 1.960,000 N2

up to degree 4




Computational Cost

Kernel for polynomials up to degree g

X =(xq,...,x4)
k(e,x)=(1+x"x")

Polynomial @ (x) Cost 100 features

> d?/2 terms up

Quadratic dZN?/# | 100 25006 N?
to degree 2
3
Cubic >d/Bterms up | svo 1n 100 83000 N2
to degree 3
4
Quartic >d7/24terms | pno g H004966-006- N2

up to degree 4




Computational Cost

Kernel for polynomials up to degree g

X =(xq,...,x4)
k(e,x)=(1+x"x")

Statistics Professors HATE Him!

Doctor's discovery revealed the secret to learning any
problem with just 10 training samples. Watch this
shocking video and learn how rapidly you can find a
solution to your learning problems using this one sneaky
kernel trick! Free from overfitting!
http://www.oneweirdkerneltrick.com




Kernels

Borrowing from:
Arthur Gretton
(Gatsby, UCL)

i



Hilbert Spaces

Let H be a vector space over R. A function (-,-),, : H x H — R
is an inner product on H if

Q Linear: (a1fi + oo, 8)yy
@ Symmetric: (f,g),, = (&, >
© (f,f);,>0and (f,f);, =0if and only if f =0.

<f17g>7—[ + Qo <f27g>’H

Norm induced by the inner product: ||f||y = \/<f, f)a,

Definition (Hilbert space)

Inner product space containing Cauchy sequence limits.




Example: Fourier Bases

(f, f7) = J dx f(x)"f'(x)



Example: Fourier Bases

(f, f) : J dx f(x)"f'(x)

f
f



Example: Fourier Bases

(f, f7) = J dx f(x)"f'(x)

lO)X

f

f

(f, ") :=f dx exp!(@ @K
= 5(w, w’)



Example: Fourier Bases

(f.f1) = J e f 0
£ gion
F = el
(f.f1) = f " dx explteon
 5(0, )

Fourier modes define a vector space



Kernels

Let X be a non-empty set. A function k : X x X — R is a kernel
if there exists an R-Hilbert space and a map ¢ : X — H such that
Vx,x' € X,

k(x,x") := (¢(x), ¢(x')), -

v

@ Almost no conditions on X (eg, X itself doesn't need an inner
product, eg. documents).

@ A single kernel can correspond to several possible features. A
trivial example for X := R:

¢1(X) = X and ¢2(x) _ ) i;g _




Sums, Transformations, Products

Theorem (Sums of kernels are kernels)

Given o > 0 and k, ki and ko all kernels on X, then ok and
ki + ko are kernels on X .

(Proof via positive definiteness: later!) A difference of kernels may
not be a kernel (why?)

Theorem (Mappings between spaces)

Let X and ?Ebe sets, and define a map A : X — X. Define the
kernel k on X. Then the kernel k(A(x), A(x")) is a kernel on X .

v

Example: k(x,x") = x2 (x')°.

Theorem (Products of kernels are kernels)

Given ki on X1 and ko on X5, then ki X ko is a kernel on X1 X Xb5.
If X1 =X = X, then k := ki X ky is a kernel on X .

v




Polynomial Kernels

Theorem (Polynomial kernels)

Let x,x' € RY ford > 1, and let m > 1 be an integer and ¢ > 0 be
a positive real. Then

k(x,x") == ({x,x") + )"

is a valid kernel.

y

To prove: expand into a sum (with non-negative scalars) of kernels
(x,x") raised to integer powers. These individual terms are valid
kernels by the product rule.




INnfinite Sequences

he space /> (square summable sequences) comprises all
sequences a := (a;);>1 for which

0
2 2
lally, = Zai < Q.
i=1

Given sequence of functions (¢;(x))i>1 in £o where ¢; : X — R is
the ith coordinate of ¢(x). Then

k(x.x') = 3 6i(x)éi(x) (1

v




INnfinite Sequences

Why square summable? By Cauchy-Schwarz,

> 6i()8i()| < 160G, ()],
=1

so the sequence defining the inner product converges for all
x,x' e X




Taylor Series Kernels

Definition (Taylor series kernel)
For r € (0, 0o], with a, > 0 for all n >0

o
f(z):Zanz” 1zl < r, z € R,
n=0

Define X to be the \/r-ball in R, sol|x| < /T,

k(x,x")=f (<X,X/>) — Z an <x,x’>n.
n=0

Example (Exponential kernel)

k(x,x") := exp (<X,X/>) .




(Gaussian Kernel

(also known as Radial Basis Function (RBF) kernel)

Example (Gaussian kernel)

The Gaussian kernel on R? is defined as

k(x,x") := exp (—7_2 |x — X,H2> .

Proof: an exercise! Use product rule, mapping rule, exponential
kernel.




(Gaussian Kernel

(also known as Radial Basis Function (RBF) kernel)

Example (Gaussian kernel)

The Gaussian kernel on R? is defined as

k(x,x") := exp (—7_2 |x — X’HZ) .

Proof: an exercise! Use product rule, mapping rule, exponential
kernel.

1 Tz—lxl

Squared Exponential (SE)  k(x,x’) = exp 2*

Automatic Relevance | d O]

i=1 " 2

Determination (ARD) k(x,x')=exp ° i




Products of Kernels

Squared-exp (SE) Periodic (Per) Linear (Lin)

0} exp (— (x;g)z) 0} exp (_e% sin? (Wx;$/)> of(x —c)(a' —¢)

JO e~

r— r—x r (with 2’ = 1)
Lin X Lin SE X Per Lin X SE Lin X Per
0
0 0
x (with 2’ = 1) r—x x (with 2’ = 1) x (with 2’ = 1)

source: David Duvenaud (PhD Thesis)



Positive Definiteness

Definition (Positive definite functions)

A symmetric function k : X x X — R is positive definite if
Vn>1, Y(a1,...an) € R", V(x1,...,x5) € X",

The function k(-,-) is strictly positive definite if for mutually
distinct x;, the equality holds only when all the a; are zero.




Vlercer's | heorem

Let H be a Hilbert space, X a non-empty set and ¢ : X — H.
Then (¢(x), d(y))« =: k(x,y) is positive definite.

D> {aid(xi), ajd(x5)) 4,

n n

=1 j=1 =1 j=1
n 2
— Z a,'¢(X,') > 0.
=1 H

Reverse also holds: positive definite k(x, x") is inner product in a
unique H (Moore-Aronsajn: coming later!).




Kernelized SVMs

Dual problem

W(a)—Za ——Zyly]aax X

1,j=1

Dual problem with feature map

W(a)= Za — = Z yiyiaa(x) ¢ (x;)

1]1



Kernelized SVMs

Dual problem

W(a)—Za ——Zyly]aax X

1,j=1

Dual problem with kernel

W(a)—Za ——Zyly]aa k(x;,x;)

1,j=1



Kernelized SVMs

SVC with linear kernel

LinearSVC (linear kernel)

Sepal width
Sepal width

Sepal length Sepal length

SVC with RBF kernel SVC with polynomial (degree 3) kernel

Sepal width
Sepal width

Sepal length Sepal length

Generalization to multiple classes:
Train multiple one-vs-all or one-vs-one classifiers



Kernelized SVMs

SVC with linear kernel

LinearSVC (linear kernel)

Sepal width
Sepal width

Sepal length Sepal length

SVC with RBF kernel SVC with polynomial (degree 3) kernel

Sepal width
Sepal width

Sepal length Sepal length

Generalization to multiple classes:
Train multiple one-vs-all or one-vs-one classifiers



Kernel Ridge Regression

f* = arg min (Z(Yi_<f7§b(xi)>?—[)2+>“f%—l)'

I=1
A=0.1, 6=0.6 | A=10, 6=0.6 _ A=1e-07, 6=0.6
| \/ T e 02
Optimization Problem Solve for Dual Problem
1
min Aljw|? + Y € oS gy 20
;
S.t. gz = Y; — <’LU,.CIZZ> § = <



Kernel Ridge Regression

feH

=1

f* = argmin (Z (vi — (F, (x))3)" + AIfi) -

A=0.1, 6=0.6 A=10, 6=0.6 A=1e-07, 6=0.6
1 1.5
05 @ o 0.5
o [
| \/ | -'\o\_“/
o Y °
-0.5¢ * e -0.5¢
[ ]
1 - - 1 -
0.5 0 0.5 1.5 -05 0 0.5 5 1.5

Closed form Solution
y — (y19°°°9yn)

a=2A(K+ A 'y K, == k(x;,x;)
f)=y (K+AI) 'k ki(x):=k(x;,x)



