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Generative
|_earning Algorithms



X2

| inear Discriminant Analysis

Algorithm

Linear Discriminant Analysis
y e Mean for each class

Wi = Nkzx

n.yYn=

e Covariance for each class

Z (2, — i) ' (3, — i)

n}’n

* Average covariance

> = %Zk:Nka




| inear Discriminant Analysis

Predict using likelihood

y*=argmaxp(x™|y = k)
k

Linear Discriminant Analysis

plx|y =k)=AN(x; %)

Quadratic Discriminant Analysis

plx|y =k)=AN(x; U, X¢)

Algorithm
e Mean for each class
U = Z x,
Nk n.y,=
e Covariance for each class

Z (2, — i) ' (2, — i)

n}’n

* Average covariance

> = %Zk:Nka



| inear Discriminant Analysis

Predict using likelihood

y*=argmaxp(x™|y = k)
k



| inear Discriminant Analysis

Predict using likelihood

y*=argmaxp(x™|y = k)
k

Predict using posterior

y*=argmaxp(y =k|x™)
k




| inear Discriminant Analysis

Predict using likelihood Bayes Rule

-
y" =argmaxp(x”|y = k)
k

e ly) — PO 10PG)

p(y)
Predict using posterior B p(x|y)p(y)
p(y|x)=

p(x)

y*=argmaxp(y =k|x™)
k

Generative Model

v, ~ Discrete(7)
XplYn =k ~ N (U, Z)




| inear Discriminant Analysis

Predict using likelihood Generative Learning
y* = argmaxp(x*|y = k) ° Treat features as
k ‘observations”
Predict using posterior * [reat class labels as

“latent variables”
y*=argmaxp(y =k|x™)
k e Calculate ML estimates

of parameters

Generative Model

, * Predict according to
v, ~ Discrete( 1) MAP value

Xp|Yn =k ~ A (W, i)



| inear Discriminant Analysis

Predict using likelihood Maximum Likelihood Estimates
* * —_—
y* =argmaxp(x”|y = k) U, = Z X,
k Nk
n:yn=
Predict using posterior
Z (2, — i) ' (3, — )

y*=argmaxp(y =k|x™) < niyn=

k

Generative Model

v, ~ Discrete(7)
Xplyn =k ~ A (g, Zi)



| inear Discriminant Analysis

Predict using likelihood Maximum Likelihood Estimates
X X
= argmax p(x =k
y 8 p(x™|y = k) e =+ Z X,

K niy,=

Predict using posterior Z T

(2, — ) (e, — )
y*=argmaxp(y =k|x™) < niye=
k N

k

Generative Model

v, ~ Discrete(7)
XplYn =k ~ N (U, Z)



Nalve Bayes



Example: Spam Filtering

Features: Words in E-mail Labels: Spam or not Spam
] 1 ] a Yn = {OJ 1}
0 aardvark
0 aardwolt
T = ; :
1 buy
-0 Zygmurgy




Nalve Bayes

Features: Words in E-mail Generative Model
-1 T N v, ~ Bernoulli(u)
0 aardvark X,q|y, =k~ Bernoulli(¢,,)
0 aardwolf

: : Conditional Independence

1 buy D

. - p(xn‘yn): l_[p(xnd‘yn)
d=1

-0 Zygmurgy



Nalve Bayes

Features: Words in E-mail Generative Model
-1 T N v, ~ Bernoulli(u)
0 aardvark X,q|y, =k~ Bernoulli(¢,,)
0 aardwolf
= Maximum Likelihood
1 buy 1 <&
: : b= ZI [yn =1]
. ‘ n=1
01 zygmurgy 1
CPkd:N— Z I[xpg =1]
k



Online Estimation and Smoothing

Features: Words in E-mail Suppose word d not in training set
17  a $od = P14 =0
0 aardvark p(x|ly=0)=p(x|y=1)=0
0 aardwolf
Bayes Rule
o : :
1 bu p(x|y)p(y)
o p(y |x) =
. . ) p(x)
-0 Zygmurgy = 0




Online Estimation and Smoothing

Generative model with prior Posterior Mean
u ~ Beta(1,1)

¢ra ~ Beta(1,1)
vy, ~ Bernoulli(u)

‘u’*’ ¢* — ﬂp(.‘%‘/’ |X1:Na)/1:N)[‘u’ ¢]

X4 |y, =k~ Bernoulli(¢;.;)



Conjugacy

Bin(m\N, ,u) — (‘;X) ,um(l L M)N—m
Beta(,u\a, b) — 5((3);:([;)) Ma—l(l B ,u)b_1
p(u\m)=p(m’“)
p(m)

o< Bin(m | N, u)Beta(u | a, b)
oC Mm+(a—1)(1 _ M)(N—m)+(b—1)



Online Estimation and Smoothing

Generative model with prior

u ~ Beta(1,
¢kd ~ Beta(l,

y, ~ Bernoul

1)
1)
i)

i(@rq )

X4 |y, =k~ Bernoul

Posterior Mean

‘u’*’ ¢* — ﬂp(.‘%‘/’ |X1:Na)/1:N)[‘u’ ¢]

oo Mt
N + 2
Ny + 1

‘/sz:

N, + 2



Support Vector
Vlachines



INtultion

Which of these linear classifiers is the best?



Max Margin Classitiers

Idea: Maximize the margin between two separable classes



Max Margin Classifiers

U | h(x;w,b) = Sign(w 'x + b)
Yo €{-1,1}
x =(xq,..., Xp)




Max Margin Classifiers

w! x+b=

y >0 552‘
y=70 -
y <0 X p WTX b
lwl|
) X

|
wll — [wll




Max Margin Classifiers

HwH("’T" L )
wil il

What are the lengths of these vectors?



Max Margin Classifiers

w! x+b=

HwH(WT" L )
wil il




Max Margin Classifiers

HwH(WT" L )
wil il

1

Distance from plane: m( Tx + b)



Equivalent Optimization Problems

max y y.(w'x, +b)>7 n=1,..., N

w,b

lwl| =1

1
Distance from plane: m( Tx + b)



Equivalent Optimization Problems

mabX)“/ y.(w'x, +b)>7 n=1,...,N
w,

lwl| =1
max y.(w'x, +b)>y n=1,...,N

w.by [[w]|

1
Distance from plane: m( Tx + b)



Equivalent Optimization Problems

N

mabXY yn(wan—I—b)Z)“/ n=1,...,N
w,
lwl| =1

max y.(w'x, +b)>7y n=1,...,N
w.by |[w]|

1
max y.(w'x, +b)>1 n=1,...,N
wb |[w]|

| 1, -
Distance from plane: —— (w 'x + b)

[lw]



Equivalent Optimization Problems

mabX)“/ y.(w'x, +b)=>7 n=1,...,N
w,
lwll =1

Y T _
max yv.(w'x,+b)>y n=1,...,N
w.by |[w]|

1
max y.(w'x, +b)>1 n=1,...,N
wb ||[w]|

1
miil—uwuz yw'x,+b)>1 n=1,...,N
w,
. 1 T
Distance from plane: ——— (W x + b)

[lw]



Equivalent Optimization Problems

mabX}“f y.(w'x, +b)>7 n=1,...,N
w,
lwll =1

max y.(w'x, +b) >y n=1,...,N
w.by |[[w]|

1
max y.(w'x, +b)>1 n=1,...,N
wb |[w]|

1
miil—Hsz y(w'x, +b)>1 n=1,...,N
w,
. 1 T
Distance from plane: ——— (W x + b)

[lw]




Intermezzo
Convex Optimization



Convex Sets and Functions

Convex Non-convex Convex
Set Set Function



| agrange Duality

Constrained Optimization Problem

min,, f(w)
S.tT. hz(w) :O, = 1,...,[.

Lagrangian Optimum
[
oL 0L
(w, 8) = f(w) ;5<> 5o =0 57 =0



| agrange Duality

Primal Optimization Problem

Generalized Lagrangian

[
'C(w Y 6 _I_ Z@zgz + Zﬁzhz(w)



| agrange Duality

Primal Optimization Problem

Op(w) = max L(w,a,f).

a,B:a; >0

Generalized Lagrangian

[
'C(w Y 6 _I_ Z@zgz + Zﬁzhz(w)



| agrange Duality

Primal Optimization Problem

" f(w) if w satisfies primal constraints
0O otherwise.

\

Generalized Lagrangian

[
'C(w Y 6 _I_ Z@zgz + Zﬁzhz(w)



| agrange Duality

Primal Optimization Problem

mu%nep( w) = mlgnaéngxmﬁ(w a, B),

Generalized Lagrangian

[
'C(w Y 6 _I_ Z@zgz + Zﬁzhz(w)



| agrange Duality

Dual Optimization Problem

Op(c, ) = min L(w, «, §).

w

Generalized Lagrangian

[
E(wa 8 6 Z @zgz _|_ Z 6zhz(w)



| agrange Duality

Dual Optimization Problem

S P A= e rin £ . 5)

Generalized Lagrangian

[
'C(w Y 6 _I_ Z@zgz + Zﬁzhz(w)



| agrange Duality

Relationship between Primal and Dual

>|<

B — ?
d aéngx>om$n£(w a, [3) mqina}gni,xmﬁ(w a, B) =

Generalized Lagrangian

[
'C(w &/ 6 _I_ Z@zgz - Zﬁzhz(w)



| agrange Duality

Relationship between Primal and Dual

>|<

* <
d aéngx>om$n£(w a, [3) mqina}gni,xmﬁ(w a, B) =

Generalized Lagrangian

[
'C(w &/ 6 _I_ Z@zgz - Zﬁzhz(w)



| agrange Duality

Duality gap p™-d™ is zero when

f convex, g; convex, h; affine

Generalized Lagrangian

[
'C(w &/ 6 _I_ Z@zgz - Zﬁzhz(w)



| agrange Duality

Karush-Kuhn-Tucker (KKT) conditions at optimum

aiiﬁ(w*, o, 0%) = 0, i=1,...,n

0 Lw*, a0 = 0, i=1 [
a5\ e

o g (w) = 0, i=1,...,k

gz(w*) S O, — ; ,]‘C

o > 0, t1=1,...,k

Dual complementarity
gi(w) =0when g, >0, a =0when gi(w) <0



(back to SVMs)



Equivalent Optimization Problems

N\

maxy
w,b

max
w.by ||[w]]

max
wb ||w]]

min—HwH2
w.b

yaw'x, +b) =7
lwl|| =1

Yolw ' x, +b) >y
y.(w'x, +b)>1

y.(w'x, +b)>1

n=1,
n=1,
n=1,
n=1,

.., N



SVMs as Convex Optimization

1
min —||w||? y.(w'x, +b)>1 n=1,..., N

w.b



SVMs as Convex Optimization

1
min —||w||? y.(w'x, +b)>1 n=1,..., N

w.b

Write as Convex Optimization Problem

[
E(w 8 6 —I_ Z@zgz + Zﬁzhz(w)



SVMs as Convex Optimization

1
m111)1 w |2 y.(w'x, +b)>1 n=1,..., N
Write as Convex Optimization Problem
[
E(w Q 6 —I_ Z O‘zgz + Z 6zhz(w)
1=1

)= Slwl? &) ==y wx +b)+1<0




SVMs as Convex Optimization

1
m11191—HwH2 y.(w'x, +b)>1 n=1,...,N
w
Generalized Lagrangian
L(w,b, o) —HwH2 ZO‘@ D(wTz® 4+ b) — 1] .

(note: no equality constraints)



Dual Form

Generalized Lagrangian

L(w,b,a) = —Hsz Zaz [y D (w2 +b) — 1] .

Dual problem

Op(a) =min Z(w, b, a)

w,b

Solve for w Solve for b

e,

Vol(w, b, a)=w — Z vy =0 %[J w, b, a) Z Oéz?/(z) _
1=1



Dual Form

Generalized Lagrangian

L(w,b, ) —Hsz Zaz [y D (w2 +b) — 1] .
Dual problem
Op(a)= 2
Solve for w Solve for b
- . %, Z
Vuwl(w,b,a) =w — Z%y@)x(z) — 0 %[, w, b, o) Z%yo _

1=1



Dual Form

Generalized Lagrangian

L(w,b,a) = —Hsz Zaz [y D (w2 +b) — 1] .

Dual problem

QD((X) — Z@z A Z y(Z)y 05205] (Z o bZO‘zy

Z]]_

Solve for w Solve for b

ik o 0
VoL(w,ba)=w =Y ay?s® =0 —L(w,ba) Zozzy@ = 0.
1=1



Dual Form

Generalized Lagrangian

L(w,b,a) = —Hsz Zaz [y D (w2 +b) — 1] .

Dual problem

QD((X) — Zaz A Z Y y 047,0{7 (Z))T )

2]1



Dual Form

Generalized Lagrangian

L(w,b, ) —Hsz Zaz [y D (w2 +b) — 1] .
Dual problem
QD((X) — Zaz - A Z Y y 047,0{7 (Z))T (7)
zy 1
Compute w Compute b

m
w = ;Y ()2 p— iy =1 w2 + ming oy w2
— E . . _ |

2



Support Vectors

Compute w

1=1

Compute b

T ) o T .
maXi:y(i):_l w* a:.(’l,) —l_ mlni:y(i)zl w* x(z)

b= —

2

Dual complementarity
e g, =0 when gi(w) <0

e gi(w) =0 when g >0



SVM with Non-Separable Data

1 T Tri

areg min —W W—|—CE -

S wib£>0 2 + 1&"
1=

S.t.




SVM with Non-Separable Data

Generalized Lagrangian

L(w,b,& o, X)) = %w w—I—CZ§ —I—Za 1—& —y;(wix; + b)) ZAg

Solve for Dual Form
oL ik |
0 Z yio; =0
i=1
8L - -
. W Z%%Xi = W = Z%%Xi

0L
85 =C—-—a; —\; =0




SVM with Non-Separable Data

Dual Optimization Problem

a=>(0

’Lj_]L

S.t. Z a;y; = 0




INnner Products

Dual Optimization Problem

max,, Z o — = Z y(%) () oy (J)>.

zgl
S.t. OzZZO 2—1 .M

Z C“zy(z) =

Prediction
. T
wiz +b = (Z oziy(i)x(i)> r+0b
i=1
= Z oy Nz x) +b.
i=1




Next Lecture: Nonlinear SVMs

Let z = ®(x) for some function &:

x x
>4 O x Xx X
X (@) « X
o Cb % X
o x
X—z |[O *x X
© o
(o o X
: * x ® ©°
x X Co0

Apply SVM in the z space by maximizing:
N N

N
L(a) =Y — 520 > yiyjeioyz]' z;




