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Homework Problems
Homework 1 is out on blackboard 

• Due: Friday 30 Sep 

• Can use any language (within reason) 

• Discussion is encouraged, but submissions must 
be completed individually  
(absolutely no sharing of code) 

• Submit as zip file via e-mail on blackboard by 
11.59pm on day of deadline (no late submissions) 

• Please follow submission guidelines on website  
(TA’s have authority to deduct points)



Classification



Regression ExamplesRegression Examples

Any Attributes Continuous Value

x =) y

{age,major , gender , race} )GPA

{income, credit score, profession} ) loan

{college,major ,GPA} ) future income

...

Yijun Zhao Linear Regression

Features Continuous
Value

• {age, major, gender, race} ⇒ GPA 

• {income, credit score, profession} ⇒ Loan Amount 

• {college,major,GPA} ⇒ Future Income



Classification ExampleRegression Examples

Any Attributes Continuous Value

x =) y

{age,major , gender , race} )GPA

{income, credit score, profession} ) loan

{college,major ,GPA} ) future income

...

Yijun Zhao Linear Regression

Features Discrete
Value

• {words in e-mail} ⇒ SPAM or not? 

• {income, credit score, profession} ⇒ Award Loan? 

• {pixels in image} ⇒ Cat, dog, or pony?



Perceptron (Linear Regression)2.3 Least Squares and Nearest Neighbors 13

Linear Regression of 0/1 Response
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FIGURE 2.1. A classification example in two dimensions. The classes are coded
as a binary variable (BLUE = 0, ORANGE = 1), and then fit by linear regression.
The line is the decision boundary defined by xT β̂ = 0.5. The orange shaded region
denotes that part of input space classified as ORANGE, while the blue region is
classified as BLUE.

The set of points in IR2 classified as ORANGE corresponds to {x : xT β̂ > 0.5},
indicated in Figure 2.1, and the two predicted classes are separated by the
decision boundary {x : xT β̂ = 0.5}, which is linear in this case. We see
that for these data there are several misclassifications on both sides of the
decision boundary. Perhaps our linear model is too rigid— or are such errors
unavoidable? Remember that these are errors on the training data itself,
and we have not said where the constructed data came from. Consider the
two possible scenarios:

Scenario 1: The training data in each class were generated from bivariate
Gaussian distributions with uncorrelated components and different
means.

Scenario 2: The training data in each class came from a mixture of 10 low-
variance Gaussian distributions, with individual means themselves
distributed as Gaussian.

A mixture of Gaussians is best described in terms of the generative
model. One first generates a discrete variable that determines which of

For what types of datasets would this not work well?
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Figure 4.4 The left plot shows data from two classes, denoted by red crosses and blue circles, together with
the decision boundary found by least squares (magenta curve) and also by the logistic regression model (green
curve), which is discussed later in Section 4.3.2. The right-hand plot shows the corresponding results obtained
when extra data points are added at the bottom left of the diagram, showing that least squares is highly sensitive
to outliers, unlike logistic regression.

boundary. In Section 7.1.2, we shall consider several alternative error functions for
classification and we shall see that they do not suffer from this difficulty.

However, problems with least squares can be more severe than simply lack of
robustness, as illustrated in Figure 4.5. This shows a synthetic data set drawn from
three classes in a two-dimensional input space (x1, x2), having the property that lin-
ear decision boundaries can give excellent separation between the classes. Indeed,
the technique of logistic regression, described later in this chapter, gives a satisfac-
tory solution as seen in the right-hand plot. However, the least-squares solution gives
poor results, with only a small region of the input space assigned to the green class.

The failure of least squares should not surprise us when we recall that it cor-
responds to maximum likelihood under the assumption of a Gaussian conditional
distribution, whereas binary target vectors clearly have a distribution that is far from
Gaussian. By adopting more appropriate probabilistic models, we shall obtain clas-
sification techniques with much better properties than least squares. For the moment,
however, we continue to explore alternative nonprobabilistic methods for setting the
parameters in the linear classification models.

4.1.4 Fisher’s linear discriminant
One way to view a linear classification model is in terms of dimensionality

reduction. Consider first the case of two classes, and suppose we take the D-

Perceptron (Linear Regression)
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FIGURE 2.3. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1), and
then predicted by 1-nearest-neighbor classification.

2.3.3 From Least Squares to Nearest Neighbors

The linear decision boundary from least squares is very smooth, and ap-
parently stable to fit. It does appear to rely heavily on the assumption
that a linear decision boundary is appropriate. In language we will develop
shortly, it has low variance and potentially high bias.

On the other hand, the k-nearest-neighbor procedures do not appear to
rely on any stringent assumptions about the underlying data, and can adapt
to any situation. However, any particular subregion of the decision bound-
ary depends on a handful of input points and their particular positions,
and is thus wiggly and unstable—high variance and low bias.

Each method has its own situations for which it works best; in particular
linear regression is more appropriate for Scenario 1 above, while nearest
neighbors are more suitable for Scenario 2. The time has come to expose
the oracle! The data in fact were simulated from a model somewhere be-
tween the two, but closer to Scenario 2. First we generated 10 means mk

from a bivariate Gaussian distribution N((1, 0)T , I) and labeled this class
BLUE. Similarly, 10 more were drawn from N((0, 1)T , I) and labeled class
ORANGE. Then for each class we generated 100 observations as follows: for
each observation, we picked an mk at random with probability 1/10, and

1 Nearest Neighbor
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.

15 Nearest Neighbors
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.

15 Nearest Neighbors
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FIGURE 2.4. Misclassification curves for the simulation example used in Fig-
ures 2.1, 2.2 and 2.3. A single training sample of size 200 was used, and a test
sample of size 10, 000. The orange curves are test and the blue are training er-
ror for k-nearest-neighbor classification. The results for linear regression are the
bigger orange and blue squares at three degrees of freedom. The purple line is the
optimal Bayes error rate.

then generated a N(mk, I/5), thus leading to a mixture of Gaussian clus-
ters for each class. Figure 2.4 shows the results of classifying 10,000 new
observations generated from the model. We compare the results for least
squares and those for k-nearest neighbors for a range of values of k.

A large subset of the most popular techniques in use today are variants of
these two simple procedures. In fact 1-nearest-neighbor, the simplest of all,
captures a large percentage of the market for low-dimensional problems.
The following list describes some ways in which these simple procedures
have been enhanced:

• Kernel methods use weights that decrease smoothly to zero with dis-
tance from the target point, rather than the effective 0/1 weights used
by k-nearest neighbors.

• In high-dimensional spaces the distance kernels are modified to em-
phasize some variable more than others.

k (number of neighbors)

N/k (effective number of params)

Er
ro

r R
at

e
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k-Nearest Neighbors 

not perform well?
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FIGURE 2.9. The curves show the expected prediction error (at x0 = 0) for
1-nearest neighbor relative to least squares for the model Y = f(X) + ε. For the
orange curve, f(x) = x1, while for the blue curve f(x) = 1

2 (x1 + 1)3.

is linear in the first coordinate, for the blue curve, cubic as in Figure 2.8.
Shown is the relative EPE of 1-nearest neighbor to least squares, which
appears to start at around 2 for the linear case. Least squares is unbiased
in this case, and as discussed above the EPE is slightly above σ2 = 1.
The EPE for 1-nearest neighbor is always above 2, since the variance of
f̂(x0) in this case is at least σ2, and the ratio increases with dimension as
the nearest neighbor strays from the target point. For the cubic case, least
squares is biased, which moderates the ratio. Clearly we could manufacture
examples where the bias of least squares would dominate the variance, and
the 1-nearest neighbor would come out the winner.

By relying on rigid assumptions, the linear model has no bias at all and
negligible variance, while the error in 1-nearest neighbor is substantially
larger. However, if the assumptions are wrong, all bets are off and the
1-nearest neighbor may dominate. We will see that there is a whole spec-
trum of models between the rigid linear models and the extremely flexible
1-nearest-neighbor models, each with their own assumptions and biases,
which have been proposed specifically to avoid the exponential growth in
complexity of functions in high dimensions by drawing heavily on these
assumptions.

Before we delve more deeply, let us elaborate a bit on the concept of
statistical models and see how they fit into the prediction framework.
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FIGURE 2.6. The curse of dimensionality is well illustrated by a subcubical
neighborhood for uniform data in a unit cube. The figure on the right shows the
side-length of the subcube needed to capture a fraction r of the volume of the data,
for different dimensions p. In ten dimensions we need to cover 80% of the range
of each coordinate to capture 10% of the data.

distance from the origin to the closest data point is given by the expression

d(p,N) =
(
1− 1

2

1/N)1/p
(2.24)

(Exercise 2.3). A more complicated expression exists for the mean distance
to the closest point. For N = 500, p = 10 , d(p,N) ≈ 0.52, more than
halfway to the boundary. Hence most data points are closer to the boundary
of the sample space than to any other data point. The reason that this
presents a problem is that prediction is much more difficult near the edges
of the training sample. One must extrapolate from neighboring sample
points rather than interpolate between them.

Another manifestation of the curse is that the sampling density is pro-
portional to N1/p, where p is the dimension of the input space and N is the
sample size. Thus, if N1 = 100 represents a dense sample for a single input
problem, then N10 = 10010 is the sample size required for the same sam-
pling density with 10 inputs. Thus in high dimensions all feasible training
samples sparsely populate the input space.

Let us construct another uniform example. Suppose we have 1000 train-
ing examples xi generated uniformly on [−1, 1]p. Assume that the true
relationship between X and Y is

Y = f(X) = e−8||X||2 ,

without any measurement error. We use the 1-nearest-neighbor rule to
predict y0 at the test-point x0 = 0. Denote the training set by T . We can

30%

9%

3%
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FIGURE 2.7. A simulation example, demonstrating the curse of dimensional-
ity and its effect on MSE, bias and variance. The input features are uniformly
distributed in [−1, 1]p for p = 1, . . . , 10 The top left panel shows the target func-

tion (no noise) in IR: f(X) = e−8||X||2 , and demonstrates the error that 1-nearest
neighbor makes in estimating f(0). The training point is indicated by the blue tick
mark. The top right panel illustrates why the radius of the 1-nearest neighborhood
increases with dimension p. The lower left panel shows the average radius of the
1-nearest neighborhoods. The lower-right panel shows the MSE, squared bias and
variance curves as a function of dimension p.



Distance NormsHow to Measure Distance

For continuous variables:

Euclidean Distance

s

(
kP

i=1
(xi � yi)2)

Mahattan Distance
kP

i=1
|xi � yi |

Minkowski Distance

✓
kP

i=1
(|xi � yi |)q

◆ 1

q

Yijun Zhao Classification Model: K-Nearest Neighbor (KNN)



Distance NormsHow to Measure Distance

For nomial variables: Humming Distance

DH(x , y) =
kP

i=1
I (xi , yi)

where

I (a, b) =

⇢
1 if a 6= b

0 if a = b

Examples:

DH(“Karol in”, “Kathr in”) = 3

DH(“Karol in”, “Kerstin”) = 3

DH(“1011101”, “1001001”) = 2

Yijun Zhao Classification Model: K-Nearest Neighbor (KNN)
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Yijun Zhao Classification Model: K-Nearest Neighbor (KNN)



Sensitivity to ScalingExample

KNN is sensitive to measurement of scales!

                  

Yijun Zhao Classification Model: K-Nearest Neighbor (KNN)



Normalization StrategiesNormalization

Min-Max:
X�X

min

X

max

�X

min

a + (X�X

min

)(b�a)
X

max

�X

min

Z-score: X ⇠ N(µ, �):
X�µ
�

Scaling:
X

X

max

Yijun Zhao Classification Model: K-Nearest Neighbor (KNN)
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Linear Classifiers

Examples
• Logistic Regression 
• Linear Discriminant Analysis 
• Naive Bayes
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Binary Classification:

Logistic Function:

17
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Notice that g(z) tends towards 1 as z → ∞, and g(z) tends towards 0 as
z → −∞. Moreover, g(z), and hence also h(x), is always bounded between
0 and 1. As before, we are keeping the convention of letting x0 = 1, so that
θTx = θ0 +

∑n
j=1 θjxj .

For now, let’s take the choice of g as given. Other functions that smoothly
increase from 0 to 1 can also be used, but for a couple of reasons that we’ll see
later (when we talk about GLMs, and when we talk about generative learning
algorithms), the choice of the logistic function is a fairly natural one. Before
moving on, here’s a useful property of the derivative of the sigmoid function,
which we write as g′:

g′(z) =
d

dz

1

1 + e−z

=
1

(1 + e−z)2
(

e−z
)

=
1

(1 + e−z)
·
(

1− 1

(1 + e−z)

)

= g(z)(1− g(z)).

So, given the logistic regression model, how do we fit θ for it? Following
how we saw least squares regression could be derived as the maximum like-
lihood estimator under a set of assumptions, let’s endow our classification
model with a set of probabilistic assumptions, and then fit the parameters
via maximum likelihood.
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how we saw least squares regression could be derived as the maximum like-
lihood estimator under a set of assumptions, let’s endow our classification
model with a set of probabilistic assumptions, and then fit the parameters
via maximum likelihood.
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Figure 4.6 The left plot shows samples from two classes (depicted in red and blue) along with the histograms
resulting from projection onto the line joining the class means. Note that there is considerable class overlap in
the projected space. The right plot shows the corresponding projection based on the Fisher linear discriminant,
showing the greatly improved class separation.

is the mean of the projected data from class Ck. However, this expression can be
made arbitrarily large simply by increasing the magnitude of w. To solve this
problem, we could constrain w to have unit length, so that

∑
i w2

i = 1. Using
a Lagrange multiplier to perform the constrained maximization, we then find thatAppendix E
w ∝ (m2 −m1). There is still a problem with this approach, however, as illustratedExercise 4.4
in Figure 4.6. This shows two classes that are well separated in the original two-
dimensional space (x1, x2) but that have considerable overlap when projected onto
the line joining their means. This difficulty arises from the strongly nondiagonal
covariances of the class distributions. The idea proposed by Fisher is to maximize
a function that will give a large separation between the projected class means while
also giving a small variance within each class, thereby minimizing the class overlap.

The projection formula (4.20) transforms the set of labelled data points in x
into a labelled set in the one-dimensional space y. The within-class variance of the
transformed data from class Ck is therefore given by

s2
k =

∑

n∈Ck

(yn − mk)2 (4.24)

where yn = wTxn. We can define the total within-class variance for the whole
data set to be simply s2

1 + s2
2. The Fisher criterion is defined to be the ratio of the

between-class variance to the within-class variance and is given by

J(w) =
(m2 − m1)2

s2
1 + s2

2

. (4.25)

We can make the dependence on w explicit by using (4.20), (4.23), and (4.24) to
rewrite the Fisher criterion in the formExercise 4.5

Idea: Calculate center for each class
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made arbitrarily large simply by increasing the magnitude of w. To solve this
problem, we could constrain w to have unit length, so that

∑
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i = 1. Using
a Lagrange multiplier to perform the constrained maximization, we then find thatAppendix E
w ∝ (m2 −m1). There is still a problem with this approach, however, as illustratedExercise 4.4
in Figure 4.6. This shows two classes that are well separated in the original two-
dimensional space (x1, x2) but that have considerable overlap when projected onto
the line joining their means. This difficulty arises from the strongly nondiagonal
covariances of the class distributions. The idea proposed by Fisher is to maximize
a function that will give a large separation between the projected class means while
also giving a small variance within each class, thereby minimizing the class overlap.

The projection formula (4.20) transforms the set of labelled data points in x
into a labelled set in the one-dimensional space y. The within-class variance of the
transformed data from class Ck is therefore given by

s2
k =

∑

n∈Ck

(yn − mk)2 (4.24)

where yn = wTxn. We can define the total within-class variance for the whole
data set to be simply s2

1 + s2
2. The Fisher criterion is defined to be the ratio of the

between-class variance to the within-class variance and is given by

J(w) =
(m2 − m1)2

s2
1 + s2

2

. (4.25)

We can make the dependence on w explicit by using (4.20), (4.23), and (4.24) to
rewrite the Fisher criterion in the formExercise 4.5
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Linear Regression
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FIGURE 4.2. The data come from three classes in IR2 and are easily separated
by linear decision boundaries. The right plot shows the boundaries found by linear
discriminant analysis. The left plot shows the boundaries found by linear regres-
sion of the indicator response variables. The middle class is completely masked
(never dominates).

• The closest target classification rule (4.6) is easily seen to be exactly
the same as the maximum fitted component criterion (4.4).

There is a serious problem with the regression approach when the number
of classes K ≥ 3, especially prevalent when K is large. Because of the rigid
nature of the regression model, classes can be masked by others. Figure 4.2
illustrates an extreme situation when K = 3. The three classes are perfectly
separated by linear decision boundaries, yet linear regression misses the
middle class completely.

In Figure 4.3 we have projected the data onto the line joining the three
centroids (there is no information in the orthogonal direction in this case),
and we have included and coded the three response variables Y1, Y2 and
Y3. The three regression lines (left panel) are included, and we see that
the line corresponding to the middle class is horizontal and its fitted values
are never dominant! Thus, observations from class 2 are classified either
as class 1 or class 3. The right panel uses quadratic regression rather than
linear regression. For this simple example a quadratic rather than linear
fit (for the middle class at least) would solve the problem. However, it
can be seen that if there were four rather than three classes lined up like
this, a quadratic would not come down fast enough, and a cubic would
be needed as well. A loose but general rule is that if K ≥ 3 classes are
lined up, polynomial terms up to degree K − 1 might be needed to resolve
them. Note also that these are polynomials along the derived direction
passing through the centroids, which can have arbitrary orientation. So in
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Algorithm

• Mean for each class  

• Covariance for each class  

• Average covariance
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Linear Regression
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FIGURE 4.2. The data come from three classes in IR2 and are easily separated
by linear decision boundaries. The right plot shows the boundaries found by linear
discriminant analysis. The left plot shows the boundaries found by linear regres-
sion of the indicator response variables. The middle class is completely masked
(never dominates).

• The closest target classification rule (4.6) is easily seen to be exactly
the same as the maximum fitted component criterion (4.4).

There is a serious problem with the regression approach when the number
of classes K ≥ 3, especially prevalent when K is large. Because of the rigid
nature of the regression model, classes can be masked by others. Figure 4.2
illustrates an extreme situation when K = 3. The three classes are perfectly
separated by linear decision boundaries, yet linear regression misses the
middle class completely.

In Figure 4.3 we have projected the data onto the line joining the three
centroids (there is no information in the orthogonal direction in this case),
and we have included and coded the three response variables Y1, Y2 and
Y3. The three regression lines (left panel) are included, and we see that
the line corresponding to the middle class is horizontal and its fitted values
are never dominant! Thus, observations from class 2 are classified either
as class 1 or class 3. The right panel uses quadratic regression rather than
linear regression. For this simple example a quadratic rather than linear
fit (for the middle class at least) would solve the problem. However, it
can be seen that if there were four rather than three classes lined up like
this, a quadratic would not come down fast enough, and a cubic would
be needed as well. A loose but general rule is that if K ≥ 3 classes are
lined up, polynomial terms up to degree K − 1 might be needed to resolve
them. Note also that these are polynomials along the derived direction
passing through the centroids, which can have arbitrary orientation. So in



Linear Discriminant Analysis
Algorithm

• Mean for each class  

• Covariance for each class  

• Average covariance

Predict using likelihood

Linear Discriminant Analysis

Quadratic Discriminant Analysis

Predict using likelihood

Linear Discriminant Analysis

Quadratic Discriminant Analysis



Linear Discriminant Analysis

What is “linear” or “quadratic” 
about these methods?

Predict using likelihood

Linear Discriminant Analysis

Quadratic Discriminant Analysis



Linear Discriminant Analysis



Linear Discriminant Analysis



Logistic Regression vs LDA

• Both methods use linear log odds 

• LDA: Calculate weights directly using  
mean and covariance for each class 

• Easy to calculate 

• Can be more sensitive to outliers 

• Logistic Regression: Perform maximum 
likelihood estimation with logistic  
activation function  

• Harder to solve, but more expressive.



Linear Discriminant Analysis
4.2 Linear Regression of an Indicator Matrix 103
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FIGURE 4.1. The left plot shows some data from three classes, with linear
decision boundaries found by linear discriminant analysis. The right plot shows
quadratic decision boundaries. These were obtained by finding linear boundaries
in the five-dimensional space X1, X2, X1X2, X

2
1 , X

2
2 . Linear inequalities in this

space are quadratic inequalities in the original space.

mation h(X) where h : IRp !→ IRq with q > p, and will be explored in later
chapters.

4.2 Linear Regression of an Indicator Matrix

Here each of the response categories are coded via an indicator variable.
Thus if G has K classes, there will be K such indicators Yk, k = 1, . . . ,K,
with Yk = 1 if G = k else 0. These are collected together in a vector
Y = (Y1, . . . , YK), and the N training instances of these form an N × K
indicator response matrix Y. Y is a matrix of 0’s and 1’s, with each row
having a single 1. We fit a linear regression model to each of the columns
of Y simultaneously, and the fit is given by

Ŷ = X(XTX)−1XTY. (4.3)

Chapter 3 has more details on linear regression. Note that we have a coeffi-
cient vector for each response column yk, and hence a (p+1)×K coefficient
matrix B̂ = (XTX)−1XTY. Here X is the model matrix with p+1 columns
corresponding to the p inputs, and a leading column of 1’s for the intercept.

A new observation with input x is classified as follows:

• compute the fitted output f̂(x)T = (1, xT )B̂, a K vector;

• identify the largest component and classify accordingly:

Ĝ(x) = argmaxk∈G f̂k(x). (4.4)
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